Recent work has shown that torus formation in piecewise-smooth maps can take place through a special type of border-collision bifurcation in which a pair of complex conjugate multipliers for a stable cycle abruptly jump out of the unit circle. Transitions from an ergodic to a resonant torus take place via border-collision fold bifurcations. We examine the transition to chaos through torus destruction in such maps. Considering a piecewise-linear normal-form map we show that this transition, by virtue of the interplay of border-collision bifurcations with period-doubling and homoclinic bifurcations, can involve mechanisms that differ qualitatively from those described by Afraimovich and Shilnikov.
I. INTRODUCTION
Many problems in engineering and applied science lead us to consider piecewise-smooth maps. Examples of such systems include relay and pulse-width modulated control systems ͓1,2͔, mechanical systems with dry friction or impacts ͓3͔, and managerial or economic systems with welldefined intervention thresholds ͓4͔.
As a parameter is varied, the fixed point for the Poincaré map of such a system may move in phase space and collide with the boundary between two smooth regions. When this happens, the Jacobian matrix can change abruptly, leading to a special class of nonlinear dynamic phenomena known as border-collision bifurcations ͓5-9͔.
A simple type of border-collision bifurcation consists in the direct transition from one periodic orbit into another with the same period. However, more complicated phenomena are also possible, including period-multiplying bifurcations, multiple-choice bifurcations, and direct transition from periodicity to chaos ͓2,10-15͔. Border-collision-related bifurcations also include corner-collision, sliding, and grazing bifurcations ͓16-18͔.
Piecewise-smooth systems can also display quasiperiodic behavior. In a series of recent publications ͓19-22͔ we have shown that border-collision bifurcations can lead to the birth of an invariant torus associated with quasiperiodic or phaselocked periodic dynamics. This transition resembles the wellknown Neimark-Sacker bifurcation in several respects. However, rather than through a continuous crossing of a pair of complex-conjugate multipliers of the periodic orbit through the unit circle, the border-collision bifurcation involves a jump of the multipliers from the inside to the outside of this circle. We have also demonstrated the existence of a special type of border-collision bifurcation in which a stable periodic orbit arises simultaneously with a quasiperiodic or phaselocked invariant torus ͓19,23͔.
Along with the period-doubling route and various types of intermittency transitions, the formation and subsequent destruction of a two-dimensional torus is one of the classic routes to chaos in dissipative systems. Before breakdown, the resonance torus typically loses its smoothness in discrete points through folding ͑or winding͒ of the involved manifolds, and this loss of smoothness then spreads to the entire torus surface through local ͑i.e., saddle-node͒ or global ͑i.e., homoclinic or heteroclinic͒ bifurcations.
The basic theorem for the destruction of a twodimensional torus in smooth dynamical systems was proved by Afraimovich and Shilnikov ͓24͔, and three possible routes for the appearance of chaotic dynamics were described. The generic character of these processes has since been confirmed numerically as well as experimentally for wide classes of both continuous-and discrete-time systems ͓25-27͔.
The purpose of the present paper is to investigate some of the mechanisms that are involved in the transitions from phase-locked periodic dynamics to chaos in nonsmooth maps. With this purpose we follow the bifurcations that take place as the point of operation for a piecewise-linear normalform map leaves the 1:4 resonance tongue along three different routes. We show that the interplay between perioddoubling, border-collision, and homoclinic bifurcations leads to transitions that are qualitatively different from those of Afraimovich and Shilnikov. In particular, we consider a route in which a homoclinic bifurcation first destroys the resonance torus while leaving the original stable-node cycle. This node subsequently undergoes a period-doubling bifurcation combined with a simultaneous border-collision bifurcation for the appearing subharmonic, and chaos arises. Other routes involve regions of coexistence of periodic and chaotic oscillations or of different chaotic oscillations. The paper discusses the specific features of these routes and outlines some of the characteristic differences between the routes followed in smooth and nonsmooth maps.
II. PIECEWISE-LINEAR NORMAL-FORM MAP
It is well known that dynamical phenomena related to border-collision bifurcations can be examined by means of a piecewise-linear approximation to the Poincaré map in the neighborhood of the border-crossing fixed point, expressed in the convenient normal form ͓6,7,10͔
where
In this representation, the phase plane is divided into two regions L = ͕͑x , y͒ : x ഛ 0, y R͖ and R = ͕͑x , y͒ :
L and ␦ L denote the trace and the determinant, respectively, of the Jacobian matrix J L in the half-plane L, and R and ␦ R are the trace and determinant of the Jacobian matrix J R in the region R. It is clear that
The stability of the fixed point for the map ͑1͒ is determined by the eigenvalues of the corresponding Jacobian matrix 1,2 = 1 2 ͑ Ϯ ͱ 2 −4␦͒. These fixed points at the two sides are given by
with ͑1͒ representing the value of the characteristic polynomial ͑͒ = 2 − + ␦ for = 1 in the considered half-plane. As the parameter of the map ͑1͒ is varied from negative to positive values, the fixed point of ͑1͒ moves from L to R and a border-collision occurs at = 0. Let us choose the parameters such that ␦ L Ͻ 1 and ␦ R Ͼ 1. The conditions
then ensure that the fixed point is attracting for Ͻ 0 and a spiral repeller for Ͼ 0.
In the present analysis we have assumed the following values for the determinants: ␦ L = 0.5 and ␦ R = 1.6. For Ͻ 0 the map ͑1͒ then has a single nontrivial stable fixed point with a negative x coordinate. When changes sign, the x coordinate of the fixed point also changes sign and the fixed point abruptly loses stability as a pair of complex-conjugate eigenvalues of the Jacobian matrix jump from the inside to the outside of the unit circle; i.e., the stable focus transforms abruptly into an unstable focus. If the parameters L and R of the map ͑1͒ are varied within the range delineated by ͑2͒, one can observe a large variety of dynamical phenomena associated with the interplay between homoclinic bifurcations and different forms of border-collision bifurcations ͓19͔. Figure 1 shows the chart of dynamical modes ͑two-parameter bifurcation diagram͒ in the parameter plane ͑ L , R ͒ for positive values of . Inspection of this chart reveals the presence of a dense set of periodic tongues. The main resonance tongues are marked with the corresponding rotation numbers. In the 1:4 tongue, for instance, the system retraces itself after four iterations of the map ͑1͒. Between the tongues there are parameter combinations that lead to quasiperiodicity and chaos. The white regions ⌸ ϱ,1 and ⌸ ϱ,2 are domains where the trajectories of the map diverge to infinity for all initial conditions. Depending on the parameter values, we observe a variety of different scenarios.
͑i͒ If the values of the parameters L and R are chosen within a tongue of periodicity, then an attracting closed invariant curve softly arises from the fixed point as the parameter crosses the bifurcation point at = 0. This invariant curve is formed by the unstable manifolds of a saddle cycle and the points of the corresponding saddle and stable cycles. Figure 2 displays the bifurcation diagram ͑a͒ and the phase portrait ͑b͒ for a point ͑ L , R ͒ in the 1:4 tongue.
͑ii͒ If we choose the parameters L and R in a region of quasiperiodicity, the stable fixed point for Ͻ 0 turns into an unstable focus point on the R side and quasiperiodic behavior arises. Figure possible in the transition from phase-locked dynamics to quasiperiodicity and vice versa. In particular, these phenomena include the border-collision fold bifurcation that is connected with the transitions from periodic to quasiperiodic dynamics and a modified variant of the multiple-attractor bifurcation in which a quasiperiodic attractor ͑or a modelocked periodic orbit͒ arises together with one ͑or more͒ stable cycles ͓23͔.
III. TRANSITIONS FROM PHASE-LOCKED DYNAMICS TO CHAOS
In each resonance tongue with the rotation number r : q ͑see Fig. 1͒ the map displays an attracting closed invariant curve which typically takes the form of a saddle-node connection ͓Fig. 2͑b͔͒. The unstable manifold of the period-q saddle connects to the period-q node, thus forming a closed attracting curve. For other parameter values, the closed invariant curve may be associated with a pair of saddle and focus cycles of similar periodicity ͓26͔.
In a couple of recent papers ͓19,28͔ we have demonstrated that under variation of the parameters, this closed invariant curve is destroyed through a homoclinic bifurcation. However, the stable and saddle cycles may continue to exist after the torus destruction. With further change of the parameters, these cycles then merge and disappear in a border-collision fold bifurcation. As a result, between the curves of homoclinic bifurcation and of border-collision fold bifurcation there is a region of multistability, on the boundaries of which one can observe transitions with hysteresis. Using a dc-dc power converter as an example of a piecewisesmooth system, we have shown experimentally that the hysteretic transitions observed for the piecewise-linear normalform map actually occur in practical systems ͓19͔.
In the present paper we are interested in mechanisms of torus breakdown that relate to the transition from resonance behavior to chaotic dynamics. With this purpose we shall follow the bifurcations that take place as we leave the 1:4 resonance tongue of our normal-form map along three different directions in parameter space.
It is well known that the resonance tongues in piecewisesmooth systems are bounded by border-collision fold bifurcation curves ͓2,15,28͔. As illustrated in Fig. 1 , the 1:4 resonance tongue consists of two different parts separated by a so-called shrinking point in which the border-collision curves intersect. To the left of this point, two points of the 1 : 4 cycle fall in the negative half-plane ͑x Ͻ 0͒, as illustrated by the phase plot of Fig. 2͑b͒ , and in the lower right part of the tongue, three points of the cycle fall in the negative halfplane.
When the system leaves the resonance tongue through the border-collision fold bifurcation boundary N + C of the upper part, one observes a transition from a resonance to ergodic torus. This transition is always followed by the breakdown of the torus through a homoclinic bifurcation. The transition from phase-locked periodic motion to chaos, which is the focus of the present study, only takes place on the boundaries of the lower right part of the resonance tongue. Figure 4 shows a close-up of the chart of dynamical modes emphasizing this part of the 1:4 tongue. Here, the two border-collision curves are indicated by N + C . 1 and 2 are homoclinic bifurcation curves, N − is a smooth period-doubling bifurcation curve, and N div delineates the boundary of divergent behavior. The arrows marked A, B, and C represent the directions in which we shall study the transitions in detail.
IV. PERIOD-DOUBLING ROUTE
Let us first analyze what happens when moving from the inside to the outside of the resonance tongue through the period-doubling bifurcation curve N − along the direction A. Results of a bifurcation analysis for the section 
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026206-3 sponding diagram as obtained by following the periodic orbits. To better illustrate the latter transition, a magnified section of Fig. 5͑b͒ is presented in Fig. 6͑a͒ . The variation of the multipliers for the period-4 cycle for this section is shown in Fig. 6͑b͒ . At the point L = L * Ϸ 1.0236 the largest multiplier of the period-4 cycle ͑in absolute value͒ crosses the unit circle through −1 and the period-4 cycle turns into an unstable node ͓Fig. 6͑b͔͒. Inspection of Figs. 5 and 6 shows that the loss of stability for the period-4 cycle is accompanied by the abrupt appearance of an eight-band strange attractor. It should be noted that this attractor contains a family of unstable periodic orbits with periods that are multiples of 4. These cycles arise through the border-collision bifurcation at the point L = L * ͓see Figs. 5͑b͒ and 6͔.
The bifurcation diagrams in Fig. 5 also show that at the point of period doubling, one of the points of the unstable period-8 orbit hits the border x = 0. This results in a direct transition to a chaotic attractor with eight bands. With further increase of the value of parameter L , the eight bands of the chaotic attractor merge first into a four-band chaotic attractor and subsequently into a single chaotic band. This transition is similar in its appearance to the transition observed by Maistrenko et al. ͓29͔ for the skew tent map. However, in our case the transition involves the destruction of a torus for the twodimensional map.
A. Repeated folding of the stable and unstable manifolds
Let us consider the characteristics of the bifurcational behavior shown in Figs. 5 and 6 in more detail in order to understand the mechanism of the transition between mode locking and chaos. Before the transition, the system displays a closed invariant curve that is the union of the unstable manifold of the period-4 saddle cycle and the points of the stable-focus period-4 cycle. Inspection of Fig. 7 shows that the unstable manifold of the saddle fixed point has an infinite number of the linear pieces that fold at specific corner points before converging on the stable fixed points. FIG. 4 . ͑Color online͒ Part of the chart of the dynamical modes near the 1:4 resonance tongue. 1 and 2 are homoclinic bifurcation curves, N + C denotes the border-collision fold bifurcation curves, and N − is a smooth period-doubling bifurcation curve. The present analysis is concerned with the bifurcations that occur as we leave the 1:4 tongue along the directions A, B, and C, respectively. As shown by Banerjee and Grebogi ͓10͔, the unstable manifolds of the map ͑1͒ fold at every intersection with the x axis and the image of a fold point is also a fold point. The stable manifolds fold at every intersection with the y axis, and every preimage of a fold point is also a fold point. This creates the succession of folds in the invariant manifolds seen in Fig. 7 .
Following ͓30-32͔ we denote the borderline as LC −1 :͕͑x,y͒:x = 0,y R͖.
The image of this line under one iteration of the map F, relation ͑1͒, is called the fold line LC 0 ͓32͔:
The image of LC 0 is also a fold line:
There will be two lines denoted by LC 1 , one obtained by using the trace and determinant for the left half ͑region L͒ and the other obtained by using these parameters for the right half ͑region R͒.
To illustrate the role of these intersections, Fig. 8 shows the phase portrait of the map for R = −0.98 and L = 0.86 where we have drawn the lines LC −1 , LC 0 , and LC 1 . It is evident from this figure that the unstable manifolds between the saddle points 1 and 2 cross the borderline LC −1 at five points A −1 + and are folded on the fold line LC 0 , producing five corner points A 0 + . The forward images of these points are again corner points. The images of the points A 0 + lie on the line LC 1 and are denoted as A 1 + . Analogically, one segment of the unstable manifold between the points 3 and 4 of the saddle cycle crosses the line LC −1 at the point A −1 − and then folds on LC 0 , producing the corner point A 0 − . The image of this point on the line LC 1 is denoted as A 1 − in Fig. 8 .
B. Period-doubling border-collision route
Based on this structure of the stable and unstable manifolds, the main stages of the torus transformation can be understood. As the trace L increases, at the point L Ϸ 0.99 the first homoclinic bifurcation occurs ͑or homoclinic contact by analogy with the homoclinic tangency in smooth maps͒ ͓see Fig. 9͑a͔͒ . With further increase in the value of L , the stable and unstable manifolds of the period-4 saddle cycle intersect transversally to form a homoclinic structure ͓see Fig. 9͑b͔͒ . The intersection of the two manifolds implies the existence of a Smale horseshoe and, therefore, of an infinite number of high-periodic orbits ͓26͔. After the homoclinic tangency, the attractor of the map is still the period-4 node, but the torus no longer exists.
In the meantime the multipliers of the stable period-4 cycle change as shown in Fig. 10 . At L Ϸ 0.9744, the complex-conjugate multipliers merge on the negative real line and the fixed point becomes a flip attractor. Following this, the two negative real eigenvalues move away from each other, and at L Ϸ 1.0236 one of the eigenvalues reach the unit circle on the negative real line. This marks a smooth period-doubling bifurcation, and it is known that beyond this point the torus cannot exist.
Since the map is linear on each side of the border at x = 0, the period-8 cycle produced in the period doubling instantly moves away and one of its points collides with the border. This leads to the abrupt transition to an eight-band strange attractor. Figure 11͑a͒ shows the phase portrait after the perioddoubling bifurcation. The phase portrait contains the points of the unstable cycles with the periods 4, 8, 12, 16, 24, 32 , and 40. As mentioned above, these cycles arise through a border-collision bifurcation occurring at the same parameter value as the period doubling, L = L * . Figure 11͑b͒ illustrates the phase portrait of the map for the single-band strange attractor. It is possible that the period doubling takes place after a second homoclinic intersection. When that happens, we observe a hard transition to chaos through the period-doubling bifurcation. This transition is observed when the system leaves the resonance tongue along the section that crosses the line of the second homoclinic tangency 2 and the curve of the period doubling bifurcation N − . The bifurcation diagram in Fig. 12 illustrates such a transition when we change the parameter L along the direction C ͑Fig. 4͒. To better illustrate the bifurcation transitions we do not include all the branches of the bifurcation diagram, but only a magnified view of one of the four.
First, the torus is destroyed through the homoclinic bifurcation. With further increase of L the second homoclinic tangency occurs.
Between the point of the second homoclinic bifurcation L H and the point L * of the period-doubling bifurcation, the stable period-4 cycle coexists with the single-band strange attractor. At the point L * we can observe the abrupt transition to an eight-band strange attractor through the perioddoubling bifurcation. As the parameter L increases from the value L * the eightband strange attractor merges with the saddle period-4 cycle and disappears in a border-collision bifurcation. After this point, only the single strange attractor exists. In the region L * Ͻ L Ͻ L M the eight-band and single-band strange attractors coexist as shown in Fig. 13 . On the boundary of the second homoclinic tangency hard transition occurs from the single-band strange attractor to a stable period-4 cycle. 
V. HARD TRANSITION TO CHAOS THROUGH HOMOCLINIC INTERSECTION
Now let us discuss the bifurcational behavior when we leave the resonance tongue along the direction B ͑see Fig. 4͒ . Figure 14 shows the bifurcation diagram for the section ͕͑ L , R ͒ : 0.4ഛ L ഛ 0.45, R = −0.7͖, and Fig. 15 illustrates the main stages of the torus transformation when changing the parameter L . We start from a point where the torus is formed by a saddle-focus connection. Figure 15͑a͒ displays the phase portrait of the map ͑1͒ near the "first" homoclinic contact. With further variation of L , the stable and unstable manifolds of the period-4 saddle cycle intersect transversally and the closed invariant torus no longer exists ͓Fig. 15͑b͔͒. At this stage, the stable focus cycle turns into stable node ͑the complex multipliers of the stable cycle become real and positive͒. Figure 15͑c͒ shows the phase portrait after the second homoclinic contact. The boundary of the second homoclinic bifurcation is schematically shown by the dashed line in Fig. 4 and denoted as 1. Here the stable period-4 cycle coexists with the strange attractor.
As the parameter L decreases the stable node period-4 cycle merges with the saddle period-4 cycle and disappears in a border-collision fold bifurcation. The domain between the lines of homoclinic bifurcation 1 and of bordercollision fold bifurcation N + C is a region of multistability where the stable period-4 orbit coexists with strange and high-periodic attractors ͑Fig. 4͒. When crossing the boundaries of the upper part of the region multistability the system displays hysteretic transitions from the periodic to the strange attractor and vice versa.
On the boundaries of the bottom part of this region, the dynamical behavior is more complicated, as tongues of various periodicity intersect with the 1:2 tongue. Here one can observe a hard transition from period-4 cycle to a strange or high-periodic attractor and vice versa.
Between the lines 2 and N + C we find a region of bistability where the stable period-4 cycle coexists with the strange attractor. As a result, along the whole boundary of this region we may observe hysteretic transitions. Figure 16 displays a bifurcation diagram illustrating the hysteretic phenomena near the right boundary of the 1:4 tongue. As the parameter L increases, the stable focus and saddle period-4 orbits collide and disappear in a border-collision fold bifurcation at the 
VI. CONCLUSIONS
Many systems of interest in physics, engineering, and other sciences display discontinuities that lead to a dynamical description in terms of piecewise-smooth maps. In such systems, quasiperiodic or phase-locked resonant behavior on the surface of a torus can arise through a special type of border-collision bifurcation in which a pair of complexconjugated multipliers for a stable periodic orbit jumps out of the unit circle. With further parameter variation, the torus may be destroyed through a number of different mechanisms, giving birth to chaos.
Afraimovich and Shilnikov have proposed three possible mechanisms for the transition from torus to chaos in smooth maps. In this paper we investigated three specific routes of torus destruction leading from phase-locked dynamics to chaos in piecewise-smooth maps. Using the appropriate piecewise-linear normal-form map as a tool, we showed that the routes to chaos in nonsmooth maps may display significant differences from the mechanisms described by Afraimovich and Shilnikov.
In one of the routes reported in this paper, a homoclinic intersection first destroys the torus. In the absence of the torus, the stable node undergoes a period doubling, immediately followed by a border collision that gives birth to the chaotic orbit. In another route, the first homoclinic tangency is followed by a second homoclinic tangency, which gives birth to a single-band strange attractor. But the stable periodic orbit persists. At a different parameter value, this periodic orbit undergoes a period-doubling bifurcation, again immediately followed by a border collision. This creates a different multiband chaotic orbit. If the orbit before period doubling was period n, the strange attractor has 2n bands. The multiband attractor is destroyed at a border-collision fold bifurcation, where we see a hard transition from one chaotic orbit to another.
In the third route, the first homoclinic tangency is followed by a second homoclinic tangency and a strange attractor is born. This attractor coexists with the stable periodic orbit for some parameter interval. At a specific parameter value, the stable node ͑or focus͒ collides with the saddle on the border and both are destroyed through a border-collision fold bifurcation.
